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0. Introduction 

[ Let X be a smooth projective surface over C and H an ample divisor on X. Let MH{r,ci, A) 
' be the moduh of stable sheaves E of rank r on X with ci{E) = Ci G NS(X) and A.{E) = A, 
T— I ■ where A{E) := C2{E) — {(rk(£') — l)/2Tk{E)}{ci{Ey). In this note, we shall consider the moduli 
>-^. spaces on elliptic surfaces. Let vr : X — > C be an elliptic surface such that every singular fibre is 
irreducible and / a fibre of vr. We assume that X is regular, (ci, /) is odd and H is sufficiently close 
to /. Then Friedman [F] showed that Mh{2,Ci, A) is birationally equivalent to S"{J'^X), where 
\0 ^ = dimMji^(2, ci, A)/2, 2d + l = (ci, /) and J'^X is an elliptic surface over C whose generic fibre is 
. the set of line bundles of degree d. In this note, we shall generalize it to the case where r and (ci, /) 
! are relatively prime. 

' As an application, we shall show that Mj^ (r, kH, A) is a rational variety for the case where (X, H) = 
^ ■ (P^, OpK (cxd)) and {r,3k) = 1. We also consider moduh spaces on Abelian surfaces. In particular, 
iT) • we shall compute a generator of if^(M//(r, ci. A), Z). For general surfaces, Li [Lil, Li2] considered 
O ; the structure of H\Mh{2,ci, A),Q), i < 2 and Pic(MH(2, ci. A)) (g) Q for A > 0. For the integral 
cohomologies, Mukai [Mu3, Mu5] and O'Grady [O] investigated the structure of if ^(M/i-(r, ci. A), Z) 
and the Picard group, if X is a K3 surface. By the same method as in [Y2], we get a generator of 
^ , if^(MH(r, ci. A), Z), if X is a ruled surface. Our results for Abelian surfaces are similar to these 
I results. 

In section 1, we shall consider the birational structure of MH{r,ci, A). Our method is the same 
SS)' as that in Friedman [F] and Maruyama [M2]. That is, we shall use elementary transformations. For 
I simplicity, we assume that X is regular. Let E be an element of Mnir, ci. A). Since H is sufficiently 
j> [ close to the fibre, is a stable vector bundle on 7r~^{ri). Then there is a stable vector bundle 

El such that Ei\i is semi-stable in the sense of Simpson [S] for all fibres /, and E is obtained from 
El by successive elementary transformations along coherent sheaves of pure dimension 1 on fibres. 
5^ , Let E2 be a stable vector bundle such that E2\n-'>-{r^) — -Ei|7r-i(r?); -^2|« is semi-stable in the sense of 
Simpson and detii^2|« — detE"!!; for all fibres /. By using the irreducibility of /, we shall show that 
E2 = El ®vr*L, where L G Pic(C). Then we can easily show that S"{J'^X) is birationally equivalent 
to an irreducible component of M//(r, ci. A), where n = dim Mii/(r, ci. A) /2 and d is an integer. By 
the dimension counting of non-locally free part (cf. [Yl, Thm. 0.4]), we see that every irreducible 
component contains vector bundles (the non-locally free part is of codimension r — 1). Let E he a 
vector bundle of Mjj(r, ci. A). We note that Ext^(E, ^(-/))o = Hom(E, E{Kx+l))^ = for all fibres 
where Ext\E, E{D))o is the trace free part of Ext'{E, E{D)). Then Ext^(E, E)^ Ext^(E|,, E\i)q 
is surjective. Considering the deformation space of E\i, we shall show that S"'{J'^X) is birationally 
equivalent to Mni^r, ci. A). 

In section 2, we shall treat the moduli spaces on IP*^. Let V C if°(]P^, ]Kp>;) be a linear pencil 
which contains an elliptic curve C. Since {Kpi^,H) < 0, we can deform E G M//(r, ci. A) to a sheaf 
E' G MfjiTyCi, A) such that E'^^ is semi-stable. If {ci,H) and r are relatively prime, then E'^^ is a 

stable vector bundle. Let — * be the rational map defined by V and Y ¥^ the blow-ups of P^ 
which defines the morphism Y Then M/f(r, ci. A) is birationally equivalent to a component 
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of a moduli space Mn'ir, ci, A), where H' is an ample divisor on Y which is sufficiently close to the 
fibre in NS(y). Since M///(r, ci, A) is birationally equivalent to a symmetric product of Y, we get 
that M//(r, ci, A) is rational. We also prove that the moduli of simple torsion free sheaves on Del 
Pezzo surfaces are irreducible. 

In section 3, we shall consider the moduli spaces on an Abelian surface. We assume that ci 
mod rNS(X) is a primitive element of NS(X)/r NS(X). Mukai [Mul] gave a complete description 
of M//(r, ci, A) in the case where dim M/^(r, ci, A) = 2. Hence we assume that dim M/^(r, ci, A) > 
4. By using a quasi- universal family [Mu3], we shall construct a generator of if*(Mj7(r, ci, A), Z) 
for i = 1,2, where H is a. general polarization (Theorem O). Our method is the same as in 
Gottsche and Huybrechts [G-H], that is, we shall deform X to a product of elliptic curves. Then 
Mnir, ci,0) is isomorphic to X and M//(r, ci. A) is birationally equivalent to X x HilW^. Since 
both spaces have trivial canonical bundles, there are closed subsets Zi C Mi^(r, Ci,A) and Z2 C 
X X Hilh'^ such that codim(Zi) > 2, codim(Z2) > 2 and MH(r,ci, A) \ Zi = (X x Hillf^) \ Z2. 
Hence we get an isomorphism if*(M//(r, ci. A), Z) = E[^(X x HC]<^^,Z), i = 1,2. Constructing a 
family of stable sheaves parametrized by X x Hillf^ \ Z2 directly, we shall construct a generator of 
if*(Mf/(r, ci. A), Z), i = 1,2. By using deformation of X and the result in [Y4], we shall also show 
that the Betti numbers of M//(2, ci. A) are the same as those of Mh{1, 0, 2A) (Theorem p.5| ). We next 
show that the morphism Mnir, Ci, A) — > Pic°(X) x X defined in [Y2, Sect. 5] is an Albanese map, 
if dimMjy (r, ci. A) > 4. Combining all together, we also describe the Picard group of M//(r, ci. A) 
(Theorem p.6|) . 

I would like to thank Professors A. Ishii and M. Maruyama for valuable discussions. 



Notation. 

Let X be a smooth projective surface over C and H an ample divisor on X. For a scheme S, we 
denote the projection S* x X — S" by ps- We denote the Neron-Severi group of X by NS(X). For an 
X e NS(X) ® Q, we set P{x) := (x, x - Kx)/2 + x{Ox)- 
For a torsion free sheaf on X, we set 

We denote the trace free part of Ext'(E, E{D)) by Ext\E, E{D))o. 

In this note, we only use the notion of (semi-)stability in the sense of Mumford. Let M//(r, ci. A) 
be the moduli of stable sheaves E of rank r on X with Ci{E) = ci G NS(X) and A{E) = A. We 
denote the open subscheme of Mh^v, ci. A) consisting of stable vector bundles by Mh^v, ci, A)o. 



1. Moduli spaces on elliptic surfaces 

1.1. Preliminaries. Let tt : X ^ C be an elliptic surface such that every fibre is irreducible. We 
denote the algebraically equivalence class of a fibre by /. Let t] be the generic point of the base curve 
C. Let J'^X —>■ C he the elliptic surface over C such that the generic fibre is the set of line bundles 
of degree d on X|^-i(^). For a coherent sheaf ii^ on a fibre /, we set 

Tk{E) ■.= \engtha^^{E®0,^), 
deg{E) ■.= xiE), 

where rji is the generic point of /. 

A coherent sheaf E of pure dimension 1 on a fibre / is semi-stable if 

xiF) ^ xiE) 



rk(F) - Tk{E) 
for all subsheaves E ^ of E. 
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Mi+n/(r,Ci,A) = {E 



Lemma 1.1. Let L be a relatively ample divisor on X . Let D be a divisor on X such that {D, f) 
and {D, L + kf) = for some positive number k. Then, 

{D')<-^,m + 2k{LJ)). (1.1) 

Proof. We set D = aL + bf + D', where a,b e Q and {D', L) = {D' , f) = 0. By the Hodge index 
theorem, {D'^) < 0. Hence (D^) = {{aL + bff) + {D'^) < {{aL + bf^) = a'^{L^) + 2a6(L, /). Thus 
we may assume that D = aL + bf. {D, L + kf) = imphes that b{L, f) = —a{L, L + kf). Hence 
{{aL + bf)^) = -a'^{{L'^) +2k{L,f)). Since {L, f) ^ 0, we get that \a\ > l/\{L,f)\. Hence (^) 
holds. □ 

Lemma 1.2. Let r be a positive integer and ci an algebraically equivalence class on X such that 
(ci, /) and r are relatively prime. Let L be an ample divisor on X . Then 

E is torsion free of rank r with {ci{E), A{E)) ^ 

= (ci, A) and is stable J 

forn> (r3(L, /)2A - 2(L2))/4(L, /)2. We denote this space by M{r,Ci,A). 

Proof. The proof is similar to that in [Y3, Prop. 6.2] (in [Y3], we used slightly different definition of 
A). □ 

Since Ext^{E,E)o = Hom(E,E)^ = 0, E G M(r,ci, A), M(r,ci, A) is smooth of dimension 2rA - 
{r^ -l)x{Ox)+dimPic'{X). For a stable sheaf E e M(r,ci,A), x{E\f) = {ci, f) andx(^®fcx) =r 
are relatively prime, where E is locally free at x G X and k^ is the structure sheaf of x. Hence 
there is a universal family (cf. [Ml, Thm. 6.11]). If we fix the rank r and the equivalence class 
Ci mod n*H^{C,Z), then we may denote M(r, ci. A) by M(A). In fact, Ci mod r'7i*H'^{C,Z) is 
determined by rA and the isomorphic class of MH{r, ci. A) is determined by r, ci mod r7i*H'^{C, Z) 
and A. 

Lemma 1.3. Let E be a vector bundle of rank r on X such that {ci{E),f) = d, and let F be a 
coherent sheaf of pure dimension 1 on a fibre I with ik{F) = ri and deg(F) = di. Let E F be a 
surjective homomorphism and E' the kernel. Then 

A{E')=A{E) + ^-^^^^. (1.2) 

r 

Proof For a coherent sheaf G on X, x{G) = rk(G)P(ci(G)/rkG) - A{G). Since x{E) = x{E') + 
X{F), 

A{E') - A{E) = di- r{P{ci{E)/TkE) - P{ci{E')/ ikE')) 

- d - — 

1 r 

□ 

The following is a special case of Maruyama [M2, 3.8]. 

Corollary 1.4. Let E be a vector bundle on X such that is a semi-stable vector bundle. 

Then there is a vector bundle E' on X such that E'^^ is semi-stable for every fibre I and E is obtained 
from E' by successive elementary transformations along coherent sheaves of pure dimension 1 on 
fibres. 

Proof. We note that A{E) > 0. We shall prove our claim by induction on A{E). We assume that 
there is a fibre / such that E\i is not semi-stable. Then there is a surjective homomorphism E\i — > F 
such that F is of pure dimension 1 and x{E\i)/ rk(ii^|;) > x{F)/ rkF. We shall consider the following 
elementary transformation along F: 



Since depth^^ F = 1, x E C and X is smooth, we see that proj-dim^^ F = dimX — depth^^ F = 1. 
Hence Ei is also locally free. By Lemma Ol we get that A{Ei) < A{E). Hence we obtain our 



corollary. □ 

1.2. General element of M(A). Let £" be a general element of M(A). We shall consider the 
Harder-Narasimhan filtration of the restriction E\i of E to fibres I. In particular, we shall show that 
E\i is semi-stable for all singular fibres /. 

Lemma 1.5. Let C be a projective curve and Oc{oo) an ample divisor on C. Let L be a line bundle 
on C. Let Q be the subscheme of Quoto^{-\)®M /c parametrizing quotients Oc{—\)®''^ — > £ such that 
(i) E is a locally free sheaf of rank r with detE = L and (ii) H^{C, E{n)) = 0. Then Q is smooth 
and irreducible. 

Proof. Let A : Oc{—\)®''^ ^ £^ be a quotient which belongs to Q. Then we see that Ext^(ker A, E) = 0. 
Since Hom(kerA,£') 'Ext^(E,E) H^(C,Oc) is surjective, Q is smooth. For / > n, there is an 
exact sequence ^ C'®(^"°°) ^ S{1) C{Vl) /. We set P := P(Ext^(L(\<), ). We 

shall consider the universal extension: 

Let P' be the open subscheme of P of points y such that H^{C,S-^) = f. Then pp/^,(£^) is a lo- 
cally free sheaf on P'. Let : A — > P' be the vector bundle associated to the locally free sheaf 
nitiO®/^, p'*{S)). Then there is a homomorphism A : O®^^ ^ (0 x oo)*^. Let A' be the open 

V 

subscheme of A such that A is surjective. Then there is a surjective morphism A' — Q, and hence 
Q is irreducible. □ 



Proposition 1.6. Let M{A)^ be the open subscheme of M{A) of elements E such that E\i is semi- 
stable for every singular fibre I. Then M(A)° is a dense subscheme of M{A). 

Proof. Let E be an element of M(A). Since E\^-i(^^) is stable, we see that Ext"^ {E,E{-l))o = 
Rom{E, E{1 + Kx))q = 0. Hence we get that Ext^{E, E)q Ext^(£^|/, £'|/)o is surjective. Let m be 
the multiplicity of I and set / = ml'. By Corollary |1.4| , there is a vector bundle Ei on X such that Ei\i 
is semi-stable and det{Ei\i) = det{E\i) ® Since (r, m) = 1, replacing Ei by Ei ® Ox{\X')j we 

may assume that det(£'i|/) = det(i?|;). By using Lemma p..5| , we see that E\i deforms to a semi-stable 
vector bundle. Hence we see that E deforms to a sheaf E' such that E'^^ is semi-stable. Thus M(A)° 
is an open dense subscheme of M(A). □ 



Lemma 1.7. Let I be a smooth fibre. Let h := {{ri,di), {r2,d2), ■ ■ ■ , {rs,ds)} be a sequence of pairs 
of integers such that ri > 0, 1 < i < s and di/vi > d2/r2 > ■ ■ ■ > dg/rg. Let Dh be the subset of 
M{r,ci,C2) of elements E such that the Harder-Narasimhan filtration of E\i : G Fi G F2 G ■ ■ ■ G 
Eg = E\i satisfies that rk(Fj/Fj_i) = and deg(Fj/Fj„i) = di, 1 < i < s. Then codim{Dh) > 
X]i<j ^j^i ~ ^idj. In particular, if codim{Dh) = 1, then s = 2 and r2di — rid2 = 1. 

Proof. Let Def{E\i) be the local deformation space of E\i of fixed determinant and Def{E\i)h the 
subset of Def{E\i) of elements G such that the Harder-Narasimhan filtration of G : C -Fi C -F2 C 
■ ■ ■ G Eg = G satisfies that rk(Fj/Fj_i) = and deg(Fj/Fj_i) = di, 1 < i < s. We assume that 
Dei{E\i)h is not empty. We note that Ext^{E, E)o — > Ext^ {E\i, E\i)q is surjective. It is known that 
codim(Def (-El/)/!) = "^i^jrjdi — ridj (cf. [A-B, Thm. 7.14]). Hence we get our lemma. □ 

Let (ri, di) be the pair of integers such that < ri < r and rdi — rid = 1. Let M(A)^ be the open 
subscheme of M(A)° of elements E such that E\i is stable, or the Harder-Narasimhan filtration of 
is C -F C E\i for all fibres /, where F is a stable vector bundle of rank ri on I with deg(F) = di. 
Then M(A)^ is an open dense subscheme of M{A)^. 
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1.3. Vector bundles on elliptic curves. The following is due to Atiyah [A]. 



Lemma 1.8. Let C be a smooth elliptic curve. Let r be a positive integer and d an integer such that 
(r, d) = 1. Then, 

(1) There is a stable vector bundle of rank r and degree d. 

(2) Let {ri,di) be the pair of integers such that rid — rdi = 1 and < ri < r. Let Ei be a stable 
vector bundle of rank ri and degree di. Then every stable vector bundle E of rank r and degree d is 
defined by an exact sequence 

^ El ^ E ^ E2 ^ 0, (1.3) 

where E2 is a stable vector bundle of rank r2 := r — ri and degree ^2 := d — di. 

(3) Let G Fi G F2 (Z ■ ■ ■ G Eg = E be the Harder- Narasimhan filtration of a vector bundle E. Then 
E ^ (BUiE,, where E, := F^/ F^^i. 

Proof. (1) We shall prove our claim by induction on r. If r = 1, then our claim obviously holds. Let 
(ri,(ii) be the pair of integers such that rid — rdi = 1 and < ri < r. We set r2 := r — ri and 
d2 := d — di. By induction hypothesis, there are stable vector bundles Ei of rank and degree di, 
i = 1,2. Since di/ri < d2/r2, B.om{E2, Ei) = 0. By using the Riemann-Roch theorem, we get that 
Ext^{E2, El) = C. Let El ^ E E2 -> be a non-trivial extension. We shall show that E is 
stable. If E is not stable, then there is a semi-stable subsheaf G of E such that degG/ rkG > d/r. 
Since G and E2 are semi-stable and G ^ E ^ E2 is not zero, degG/ rkG < d2/r2. We assume that 
degG/ ikG < ^2/^2- Then we see that l/rr2 = d2/r2 — d/r > d2/r2 — deg G/ rkG > l/r2 rkG, which 
is a contradiction. Hence degG/ ikG = d2/r2. Then we get that rkG = r2 and degG = ^2. Hence 
G = E2, which is a contradiction. 

(2) Let ii^ be a stable vector bundle of rank r and degree d. Then Ext^(Fi, E) = Hom(i?, -Fi)^ = 0. 
By the Riemann-Roch theorem, there is a non-zero homomorphism if : Ei ^ E . We shall show that 
ip is injective and cokeryj is stable. Since Ei and E are stable, di/ri < degip{Ei)/ Tk{p{Ei) < d/r. In 
the same way as in the proof of (1), we see that rk(/3(£^i) = ri and degip{Ei) = di. Hence we get that 
El = (p{Ei). We set E2 := cokenp. We assume that there is a quotient G of E2 such that G is semi- 
stable and d2/r2 > degG/ rkG. Since G is a quotient of E, we get that d/r < degG/ rkG. Hence we 
get that d/r < degG/ rkG < d2/r2. Then l/rr2 = d2/r2 — d/r > d2/r2 — degG/ rkG > l/r2rkG, 
which is a contradiction. Hence E2 is a stable vector bundle. 

(3) Since deg Ei/ rkEi > degEj/ rkEj, i < j, the Serre duality implies that Ext^{Ej, E^) = 0, 
i < j. By the induction on s, we see that E = ®iEi. □ 



Lemma 1.9. Let {r,d) (resp. {ri,di), (^2,^2)^' be the pair in Lemma [77^ . Let E be a vector bundle 
of rank r on C with degree d and E2 a stable vector bundle of rank r2 on C with degree d2. 

(1) If E is stable, then Y{om.{E,E2) = C and a non-zero homomorphism is surjective. 

(2) Let Fi (resp. F2) be a stable vector bundle of rank ri and degree di (resp. rank r2 and degree 
d2). We assume that E = Fi® F2 and there is a surjective homomorphism ip : E ^ E2 such that 
kevif is also stable. Then E2 = F2 and B.om{E,E2) = C®^. 

Proof. (1) Since E is stable, Ext^{E,E2) = }iom{E2, E)"^ = 0. By the Riemann-Roch theorem, we 



see that dimHom(£', E2) = 1. In the same way as in the proof of Lemma p..8|, we see that a non-zero 
homomorphism E ^ E2 is surjective. 

(2) If E2 ^ F2, then kery? = keY{ip\F^)Q)F2. Since ip\F^ : Fi ^ E2 is surjective, keT{(p\Fi) 7^ 0. Hence 
E2 = F2. By the Riemann-Roch theorem, Hom(Fi, E2) = C. Therefore Hom(E, E2) = C®^. □ 

Let Go be the open subscheme of G such that vr : Xq := X Go — > Go is smooth. We assume 
that 71 has a section a. We denote the relative moduli space of stable vector bundles of rank r on 
fibres with degree d by A^a',/c,(V, [) C,. We assume that (r, d) = 1. We shall construct a family 
of stable vector bundles £^v,r on Xq Xq and show that A4x,/c,{^y \) — as a Go-scheme, by 
using induction on r. If r = 1, then Soo,\ '■= Ox,xc,x,{i\ + oo)a — A) is a universal family, where 
A is the diagonal of Xo Xq^ Xq. Let {ri,di) be the pair of integers such that rid — rdi = 1 and 
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< ri < r. We set r2 = r — ri and d2 = d — di. Let £^ be a vector bundle on Xq such that E\i is a 

stable vector bundle of rank r2 and det E\i = O^d^a) for every fibre /. By using Lemma |1.8| , we see 

that C := Ext°^^ {^y^Vaclo^) is a line bundle on Xq. Then there is the universal extension 
V 

- ^^v^,r^ ^ ^v,r ^ ® ^^,(^) ^ (1-4) 

which parametrizes stable vector bundles of rank r on fibres with degree d. Hence there is a morphism 
A-z/clV, [). By our construction, this morphism is injective. By ZMT, it is an isomorphism. 

Lemma 1.10. Let E and E' he semi-stable vector bundles on a multiple fibre I = ml' such that 
ikE = ikE', detE = detE', and x{E) = x{E') = d. Then, 

Rom{E,E) = ( (1.5) 
I (J, otherwise. 

Proof. We set L := Ox{-V)\i'. ^^^^ ^^^^ rk(E L®^) = r and x{E ® L®'^) = d/m for < 
k < m — 1. Since (r, c?) = 1 and E is semi-stable, (g) L®'^ is a stable sheaf on ml'. Thus C 
E{~{m - 1)/') C E{-{m - 2)1') C ■ ■ ■ C ^(-/') C S is a Jordan-Holder filtration of E. Since the 
order of L G Pic^{l') is m and {m,r) = 1, deti? = det ii^' and the stabilities of E\i/ and E\ii imply 
that Hom(E|z, ® L®^') = for 1 < A; < m - 1. Let : E ^ be a non-zero homomorphism. 
We shall show that is an isomorphism. Since Hom(ii^|;, E' ^ L®'^) = for 1 < /c < m — 1, we see 
that (p\i' : E\i> — > E'^j^, is not zero, which implies that E\ir = E'^^,. By Nakayama's lemma, cp is an 
isomorphism. Then it is easy to see that Hom(ii^, E') = C. □ 

Lemma 1.11. Let E, E' be vector bundles of rank r on X such that E\i and E'^^ are semi-stable for 
all fibres I and det E = det E' . Then there is a line bundle L on C such that E = E' ® tt*{L). 

Proof. We note that -E'i^-i(^) = E'^^^i^^y By the upper semi-continuity of h'^{l,E''^ ® E\i), there is 
a non-zero homomorphism E'^^ — * E\i for every fibre /. Since E\i and E'^^ are semi-stable. Lemma 
LTOl implies that E^ = E'^^ and H^{1,E'^ ® E\i) = C. By the base change theorem, we get that 



L := 7r^,(i?'^ I® E) is a line on C and 7r*(L) i® E' ^ E is an isomorphism. □ 
Corollary 1.12. M(A) is not empty if and only if A > Aq := xi^^x) ■ 

Proof We set A' := min{A|M(A) 7^ 0}. Lemma [ITTTl implies that dimPic°(X) = dimM(A') = 

2rA' — (r^ — l)x{Ox) + dimPic'(A'). Hence we get our claim □ 



Remark 1.1. Let E be an element of M{Aq). By Lemma |1 . 1 1| , there is a surjective morphism 



Pic°(X) ^ M(Ao) sending L e Pic°(X) to E®L. Hence we get that M(Ao) = Pic°(X)/$(E), where 
$(E) := {L e Pic\X)\E ®L = E}. In particular, if Pic°(X) = Pic°(C), then M(Ao) = Pic°(X). 



1.4. Construction of a family. We assume that vr : X ^ C has a section and show that M(A) 
is birational to M(Ao) x 5'"'X, where n := r(A — Aq). Let £^ be a universal family on M(Ao) x X. 
Let (ri,(ii) be the pair of integers such that rid — rdi = —1 and < ri < r, and let i^VooJoo be 
the vector bundle on Xq X(7g Xq. Let j : Xq Xq Xq x X be the immersion. We denote 
the projection M{Aq) x Xq ^ M{Aq) by qi and M(Ao) x Xq ^ Xq by ^2- By Lemma O 



£ := Hom ^^j^,,^;,, ((Uoo x oo;^)*^, (Ug x oox)*US^^,\J is a line bundle on M(Ao) x Xq, and 

V 

there is a surjective homomorphism: {qi x Ix)*^^ —>■ (Llg x C)0;f)*|^£^Voo,roo ® /M{A,)xX,i^y ■ 

V 

]9i : Xq := Xq x Xq x • ■ ■ x Xq Xq be the i-th. projection, 1 < i < n. Then there is a homomorphism 

A : ^ ©r=i(92 o (1m(Ao) X Pi) X lx)*J*^Voo,roo ® A' (1-6) 
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where £ is the pull-back of £ to M(Ao) x x X and C) = (oo_a4(a,) ^ ^) ^ ^■^)*^a^(a,)xA',('^)^- 

We set r := . . . , x„) G X^|7r(a;i) = 7r(xj) for some i ^ j}. Then Ai := A|Af(A„)x(xy\r)xx is 

a surjective homomorphism. We set JF := ker Aqo- By Lemma [L^, JF is a family of stable vector 
bundles on X. Hence there is a morphism M(Ao) x (Xq \ F) — M (A). By our construction, this 
morphism is ©n-invariant, and hence we get a morphism u : M(Ao) x (XQ /(5n) — > OJt(A). By our 
construction, it is injective. Since dimS"'X = 2n = dimM(A) — dimM(Ao), ZMT implies that 
M(Ao) X (Xo"/en) ^ 971(A) is an immersion. We set M(A)2 := z/(M(Ao) x {X^/Sn)). We shall 
show that M(A)^ is dense. For this purpose, we shall estimate the dimension of M(A)^ \ M(A)^. 

Lemma 1.13. dim(M(A)^ \ M(A)2) = 2n - 1 + dimM(Ao). 

Proof. For a G M(A)^ and a smooth fibre /, we assume that E\i is not stable. By the definition 
of M{AY, we see that E\i = Ei Q) E2, where Ei (resp. E2) is a stable vector bundle of rank ri and 
degree di (resp. rank r2 and degree ^2)- We set E' := ker(i? Ei). Then there is an exact sequence 

El Ell E2 ^ 0. (1.7) 

Then E is obtained by the inverse transform from E' : 

0^ E E'{1) -^^2^0. (1.8) 

By ([T^), E[i is stable or = E-y ® E2. By Lemma |r|, A(E') = A(^) - 1/r. Conversely, for 
E' G Af(A — 1/r)^, we shall consider a surjective homomorphism ip : E' ^ F2 such that the 
kernel of E^i —>■ F2 is stable, where F2 is a stable vector bundle of rank r2 on a smooth fibre I 
with degree ^2- If keiip (g) C^-d) belongs to M(A)^ \ M(A)^, then (i) E'^^ is stable and E' belongs 
to M(A — 1/r)^ \ M(A — 1/r)^, or (ii) -E|;is not stable and F2 is a direct summand of E'^i. Since 
is not stable} < — 1, by using Lemma |L^, we see that 



dim(M(A)^ \ M{A)^) = max{dim(M(A - 1/r)^ \ M(A - 1/rf) + 2,dimM(A - 1/r)^ + 1} 

= 2n-l + dimM(Ao). 

□ 

Theorem 1.14. Af(A) is irreducible and hirational to M(Ao) x S'^{J'^^X), where n := r(A — Aq). 

Proof. If vr : X — > C has a section, we have proved our theorem. For general cases, we shall consider a 
Galois covering 7 : C" — C such that vr' : X^cC' C has a section cr'. Let Ci be an open subscheme 
of Co such that 7~^(Ci) — > Ci is etale. We set X[ := 7i^^{Ci) XcC. Let £^^ be the vector bundle 
on X[ x^-i(Ci) XJ and f : X{ x^-i(Ci) X[ = X[xc, Xi --^ X[x Xi the inclusion. Let X[ J'^'X be 
the morphism induced by |- . For a (7 G Gal(C"/C), let ^ : X( ^ X( be the automorphism of X[ 
sending {x,y) G n^^i^Ci) X-cC' to (x + (rfi — l)(cr'((7(?/)) — a' (y)) , g (y)) . Then it defines an action of 
Gal(C7C) to X[. By the construction of i'y^j^, we see that det(£(7^ p^)|^((g .^^^ ^ det(£^^ p^)l(§,t)- 
Hence (^Voo,roo)|}((§,t)) " (^v^,roo)l(§.t)- Thus the morphism X[ J'^^X is Gal(C7C)-invariant. 
Then we get that X[/ Gal(C"/C) J^^X is an immersion. Replacing i*£^^^\^ by j*^^Voo Too' 
can construct a family of stable vector bundles T parametrized by M(Ao) x ((X[)" \ F'), where F' 
is the pull-back of F to (X()". Hence we get a morphism M(Ao) x ((X^)" \ F') ^ Af (A). By the 
construction, Gal(C"/C) x acts on ((X()" \F'), and this morphism is Gal(C"/C) x ©^-invariant. 
Hence we get a morphism M(Ao) x ((J^^Xi)" \ F)/6„ ^ !m(A). Then we see that M(A) is 
birationally equivalent to M(Ao) x S'^J^^X). □ 

2. Moduli spaces on Del Pezzo surfaces 



2.1. We shall apply Theorem |1.14| to moduli spaces on Del Pezzo surfaces. 

Theorem 2.1. We assume that X = P*^ and set H := (9pK(oo). Then M^ir, kH, A) is a rational 
variety if (r, 3k) = 1. 
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Proof. Let V C H° {F^ , Of,t^ (b)) be a pencil such that every member D E V is irreducible and 
#{P|P e noevD} = 9. Let (/) : y ^ be the blow-ups of at base points of V. Then there is 
an elliptic fibration ir : Y —^F^ such that every fibre is isomorphic to a member D of V. We set 

N := {E e Mnir, kH, A)o|0*^|^-i(^) is stable }, (2.1) 

where i] is the generic point of P^. Let be a stable vector bundle of rank r on P*^ with Ci{E) = kH. 
Then Ext^(E, E(-3))o = Hom(E,E)^ = 0. Let D G 1^ be a smooth elliptic curve. Then we get the 
surjective homomorphism Ext^(-E', E)o — > Ext^(E^£), -E|z))o- Hence Def (i?) — > Def(_E'|£)) is submersive. 
Since {r,deg{E\D)) = {r,3k) = 1, we can deform to a stable sheaf F such that F\d is a stable 
vector bundle on D. By the openness of stability, i^7r-i(r;) is a stable vector bundle. Hence N is an 
open dense subscheme of Mnir, kH, A) and there is an open immersion (p* : N ^ M{r,k(j)*H,A). 



By Theorem |1.14| , is bitarional to S'^Y, where n = r A — (r — 1)/2. Since S"'Y is a rational variety, 



we get our theorem. □ 

Definition 2.1. Spl{r,ci, A) is the moduli space of simple torsion free sheaves E of rank r with 
ci{E) = ci and A{E) = A. 

We shall next consider the irreducibility of Spl{r,ci, A) for Del Pezzo surfaces. 

Proposition 2.2. Let tt : X —>■ ¥^ be a rational elliptic surface with a section a. For a ci G NS(X) 
such that (ci, /) and r are relatively prime, we shall consider the moduli space M(A) = M(r, Ci, A). 
Then M(A) is irreducible and rational. 

Proof. We note that a is a (— l)-curve. Let : X — > y be the contraction of a. Since the characteristic 
of C is 0, Ti^Ox is locally free of rank 1, and hence 'k^K'x{(t) = '7i^:Kx- Then we get that H'^iY, Ky) = 
H^{X, K^{a)) ^ H°{X, Kl) = C®^. By the Riemann-Roch theorem, H\Y, K^) = 0. Let 5 : 3^ 5 
be a smooth family of 8-points blow-ups of P*^ such that H^{yf, ICy^,) = f for all s G 5 and 3^/, = y 
for some sq G S. Let ^ be the generic point of S. By the base change theorem, 6^:{Ky^g) is a 
locally free sheaf of rank 2 and 6^{Ky^g) ® k{s) — * H^{KyJ,s G S" is an isomorphism. We set 
Oz '■= coker((5*(5^,(/C^^^) ^y/s) ® ^y/s- Then Oz ® ||(/) defines a reduced one point of Yg. Thus 
Z defines a section of 6. Let 05 : A" — > 3^ be the blow-up of y along Z and set e := 5 o 0. Then there 
is a morphism 715 : — »• P := P(e*(]Ky^^)), which defines a family of elliptic fibrations. Choosing 
a sufficiently general family, we may assume that tts\^ '■ — > P^(^) is an elliptic surface such that 
every fibre is irreducible. Let Oxipo) be a relative ample line bundle on X which is sufficiently close 
to the pull-back of an ample line bundle on P. For a line bundle £ on A" such that ci(£/,) = J 00, we 
shall consider the relative moduli space A^(V, £, A) — 5 of stable sheaves E of rank r on A'j, / G iS 
such that Ci(E) = £; and A{E) = A. By Maruyama [Ml, Cor. 5.9.1, Prop. 6.7], M{V,C,A) is 
smooth and projective over S. By Theorem |1.14| , the generic fibre is irreducible, and hence every 
fibre is irreducible. Thus M(A) is irreducible. Since M(A) contain an irreducible component which 
is birational to S^X for some n ( see the proof of Theorem |1.14| ), M(A) is a rational variety. □ 

Lemma 2.3. Let cf) : X X be a one point blow-up of a surface X and E a simple torsion free 
sheaf of rank r on X which is locally free at the center of the blow-up. Let Ci be the exeptional divisor 
of ip and (f)*E C^cl' ^ < k < r a surjective homomorphism. We set E' := ker(0*£' — ^ ^cl)- Then 
E' is also a simple torsion free sheaf. 

Proof We note that Ext\0®l,S) ^ n°°{C^,S'' ® Ccoo(^;t)®") = ^°^(Coo, Cc^ (-oo)®^ll) = /. By 
the exact sequence we see that Hom(i?, i^') = llom{E' , E) . Since 

Hom(E', E') Hom(E', E) is injective, we'get that Hom(E', E') = C. □ 

Corollary 2.4. Let E be a simple torsion free sheaf of rank r on X with Ci{E) = c\ and A{E) = (A) 
which is locally free at the center of a blow-up (p : X —>■ X , and E' the kernel of a surjective 
homomorphism (j)*E 0®^, < k < r. We set A{E') = A'. Then, if Spl{r,(f)*ci - kCi,A') is 
irreducible, Spl{r,ci, A) is also irreducible. 
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Proof. Let Spl{r, (j)*ci, A)*^ be the open subscheme of Spl{r, (j)*ci, A) of elements E such that E\c^ — 
Then 0* : ^pZ(r,Ci, A)' ^p/(r, 0*ci, A)^ is an isomorphism, where S'p/(r, ci, A)' is the open 
dense subspace of Spl{r, ci, A) consisting of E such that E is locally free at the center of the blow-up. 
For an E E Spl{r, (f)*ci, A)°, the quotients (f)*E —>■ Op^ is parametrized by the Grassmannian variety 
G{H^{Ci,E\c,),k). Let Spl{r,<p*ci - kCi.Mf be the open subscheme of Spl{r,<i)*ci - kCi,A') of 

elements E' such that E'^^ = Cc^(oo)®ll © 0?^""^. By usina; Lemma E.SL we can show that there 
is an open subscheme U of Spl{r,(f)*ci — kCi,A')^ and a surjective morphism U Spl{r,(j)*ci, A)'^ 
such that every fibre is a Grassmannian variety. Hence, the irreducibility of Spl{r,(j)*ci — kCi,A') 
implies that of Spl{r, Ci, A). □ 

Proposition 2.5. Let X be a Pel Pezzo surface and ci an element o/NS(X). Then Spl{r,ci, A) is 
irreducible. 



Proof. This follows from Corollary |2.4| and Proposition p.2| . □ 



3. Moduli spaces on Abelian surfaces 

3.1. For a manifold V and a G H*{V,'Ia), [a]i G W{V,7j) denotes the i-th component of a. Let 
K{V) be the Grothendieck group of V. Let p : X ^ Spec(C) be an Abelian surface over C. We set 

'h^'"{X, Z) := e^(X, Z) © H^(X, Z) © H^(X, Z) ^ 

i7°'^'^(x,z) := e^(x,z) ©e^(x,z). ^ ' 

Let Eq be an element of Muir, Ci, A). We set 

ff(r,ci. A) := {a G /f^^(X, Z)|[u((chE>.)a)]>. = F}. (3.2) 

Let JF be a quasi-universal family of similitude p on Mnir, ci. A) x X [Mu3, Thm. A. 5]. Then Mukai 
[Mu3, Mu5] and Drezet [D, D-N] defines a homomorpism 

K2 : H{r, ci. A) ^ H^Mnir, Ci, A), Z) (3.3) 

such that 

K2(a) = ^[pAfH(r,ci,A)*(ch(JF)a)]e. (3.4) 

Remark 3.1. In the notation of Mukai [Mu5, Sect. 5], k,2{c() = —Ovic^"^) and H{r, ci. A) = f-*-, where 
V := (r, ci, {cj)/2r - A) G i/"^(X, Z) is the Chern character of E^. and V : //^^(X, Z) ^ Hfe(X, Z) is 
the automorphism sending a = + ^2 + «4, G H^\X, Z) to = ao ~ '^2 + «4- Since we used 
Drezet's notation in [Y2,Y3], we shall use Drezet's homomorphism in this note. 

We also consider the homomorphism: 

K, : ff°'^'^(X,Z) ^e^(MH(\,j^,A),Z) (3.5) 

such that 

Ki(a) = ^[PAfH(r,ci,A)*(ch(JF)a)]oo. (3.6) 

We note that ki and k,2 do not depend on the choice of JF. In this section, we shall prove the following 
theorem. 

Theorem 3.1. Let c\ be an element o/NS(X) such that c\ mod rH'^{X,Z) is a primitive element 
of H'^{X, Z/ \Z) and H a general ample divisor. We assume that dim Mnir, ci. A) = 2rA + 2 > 6. 
Let a : dJlf-,{x, Ci, A) — > Alb(9Jlj=|(r, Ci, A)) be an Albanese map. Then the following holds. 
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(1) Ki is an isomorphism and K2 is injective. 
(2) 

H^Mnir, ci, A), Z) = K^iH^r, ci, A)) © a*io"(Alb(27l^(r, c„ A), Z) 

2 (3.7) 
= n2{H{r, ci, A)) © /\ Z)). 

(3) 

NS(MH(r, ci, A)) = «:2(^(r, Ci, A),,,) © a* NS(Alb(!mf,(r, c„ A)), (3.8) 
where H{r,ci,A)aig := (//°(X, Z) © NS(X) © HS^(X, Z)) n e(\,^, A). 

3.2. We first assume that X is a product of elliptic curves. Let Ci and C2 be elliptic curves and 
set X = CiX C2. We set Cl := Ck and X' := Q x Q for i = 0, 1, . . . , n, a, and A; = 1, 2. Let A^'^' 
be the diagonal of Cl x Ci = Ck y< Ck- Let p*^ be a point of C^. We also denote ci((9(^||)) by pi. 

For simplicity, we denote the pull-backs of pl and A^'-* to X*^ x Fg x by pl and A^'-' respectively. 
Let /^J^'^ be the pull-back of the diagonal of X* x X^' x XHo X^ x X^ x ■ ■ ■ x X" and that of 
X^ X X^o X^ X X2 X ■ ■ ■ X X". We set Z := U^<J<fcA^^■'^ Let : F ^ (X^ x X^ x ■ ■ ■ x X'^) \ Z be 
the blow-up of (X^ X X2 X ■ ■ ■ X X'^) \ Z at the subscheme Ui<j A^^' \ Z, We set E*'^' := \ Z). 

For a e H*{X, Z) and the projection ccj : X° x Fq x -'^^ = = 0, 1, . . . , a, we denote 

the pull-back of a to X° x Fq x X" by a\ Then i72(Hilb^,Z) = e^(Y,Z)®" and H^{Y,Z)^" is 
generated by T.ti E.<,(/^ " - 9' " and E.<, where e G H^iX, Z) and /, G //^(X, Z). 
Let : X° X Hilb^ ^ x X be the Albanese map such that a((j;, 3r3)) = (f, XllLifi) reduced 
subscheme Z = Ui{xi}. 

Lemma 3.2. (1) Let F be a vector bundle on C2 x C2 such that -F|{t}xC|; t E C2 is a stable vector 
bundle of rank r on C2 with det F\[t}xc^ — 0{A'^ + ([ ^ 00) /6)|{u}xc^- Then, 

'ci(F) = A°''^ + {d- l)p« + (ri - 1 + fcr)pO, G Z 

ch,(F) = ^(ci(F)^). ^ • > 

lfk = 0, then di2{F) = dipl ■ p^. 

(2) Let Fi (1 < i < n) be a vector bundle on C^ x such that Fi\^t}xc^! t & C^ is a stable vector 
bundle of rank r 2 on C2 with det Fj||t}xcf — C^(Ag^ + ([g — 00) ,g)|{u}xc^- Then, 

'ci(F,) = A^'» + (4 - l)p^ + (ri - 1 + A;r)p^2> keZ 

ch2(F,) = ^(ci(F,)^). ^ • > 

If k = 0, then ch2(Fj) = dip^ ■ P2. 

Proof. We shall only prove (1). We set Ci(F) = A2'" + {d — l)p2 + (ri — 1 + x)p2, x E Z. Since 
F\{t}xc§, t G is a stable vector bundle, A(F) = C2(F) - (ci(F)2)(r - l)/2r = 0. Hence we get 
that ch2(F) = -(C2(F) - (ci(F)2)/2) = (ci(F)2)/2r. We note that C2(F) = {d{ri + x) - l)(r - l)/r 
is an integer. Hence d{ri + x) — 1 = rdi + rx is a multiple of r. Since (r, d) = 1, x is a multiple of r. 
We also see that (ci(F)^)/2r = (iiPg ■ P2 for the case x = 0. □ 



Let F and Fi be vector bundles in Lemma and assume that k = 0. We also denote the pull- 
backs of F and Fi to (7° x Q x C2 by F and Fj respectively. Let gc^xc^ ^ C'^ ^ Q ^ C'f ^ x Q 



^2 ^"^2 

be the projection. We set C := Homu^, ^^^(JF, JF^). Then Ci(£) = — A'g 
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Proof. By using the Grothendieck-Riemann-Roch theorem and the above lemma, we see that 
ci(>C) = fec0xq*(ch(F^)ch(F,))]2 

= [Qclxc^r - ci(F) + l(ci(F)2))(r2 - ci(F,) + ^-(^(F,)^))]^ 

= [fc0xQ*(rr2 + (rci(F,) - r2Ci(F)) + J-((rci(F,) - r2Ci(F))2))]2 

□ 

Let Yo be the complement of the closed subset W := Uj<j<A; 

where Ai'^' = A^'^' U E''^ . Since codim W = 2, H^{X^ x Fq, = H^(X^ x Y, Z). 

We shall construct a family of stable sheaves on X parametrized by xYq. For simplicity, we 
denote the pull-backs of F and Fj to X^ x Yq x X°- by F and Fi respectively. Then there is a 
homomorphism: 

A : F ® 0{M^ - ^ e\=^(^^|^),H ® £>), (3.11) 

where U is a line bundle on X° x Iq x such that ci(L*) = A^'* —p\ + A2''. Let £^ be the kernel of 
this homomorphism and Q the cokernel. Then Q = ®)<\{{J^)/Q\)^^),^^^)A®C)®{J^)®C'^^)^^®Og),\)), 
where G-i := ker(F Fi). We first assume that ri < r2. Then G^^^i.a — >■ F.^^^.a is injective and 
(Fj/Gj)|^i,a is flat over X'^ x Fq- Hence we see that 

Tor^"'><^'((F,/G,.)|ArnAi->^(^)) = 0, x G x Fo- (3.12) 
Since ® (!)(A'g ), a>,h is also flat over X° x Fq, we get that 



Tor2"'^^'(F, 0(A'i)|^),^ Oeu, ||(§)) = /, § e A" x y, (3.13) 

Hence we see that Tor^ ''"^'(im(A), k{x)) = 0, which implies that S is flat over X^ x Yq and S ® ||(§) 
is torsion free. Then E defines a family of stable sheaves on X parametrized by X^ xYq. It defines 
a morphism X° x Fq M(r,ci, A), which is ©„- invariant. Hence we get a morphism u : X^ x 
(Fo/6n) ^ mt(r, c„A). 

Let : H{r,ci,A) H^{X^ x Fq, Z)/a*i3^(Alb(X° x Hilb^),Z) be the homomorphism sending 
a e H{r,Ci,A) to \pxoxYo*{ch{S)a)]^ mod a*i3^(Alb(X° x HilbJ),Z). Since K.2 does not depend on 
the choice of quasi-universal families, we shall compute the image of K2. 



ch{S) = ch(F ® 0{A'^ - i)) - ch(^) ® >cJ^>,h) + ^ ^!a>'- ^ 

+ ^ch(F,/G,®L;^,.„®0^>,) 

n 

= (r + ci(F) + . p^)(l + A?'" - p« - pO . p«) - ^ Ar (r2 + c^{F,) + d,p\ ■ p^)(ch U) 



1=1 



+ Vch(Fi l; c»£>,i) + Vch(j^)/6?| «) >c^,H c»^>.i). 



»<J ><l 
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Since \pxo^Yo*{cHF®0{A'^ - = /, E)=oo - = ' mod a*^^(Alb(X° x Hilb^), Z), 



we get that 



Let OL = Xi+X2Pi+X3P2+XiPi-p2 + D be an element of H{r, Ci, A), D E H^{Ci, Z)®IHI^(C>£, Z). Then 
we see that = [p*((ch£'o)a)]o = b*((^ + "^Pa - T2?^Pi - c?2^Pi ■P2)a)]o = -d2nxi-r2nx3 + dx2 + rx4. 
Thus q; satisfies 



dx2 + rx4 — d2nxi + r 211x3. 



(3.14) 



By a simple calculation, we get that 



[pxOxyo*(ch(F, ® 0(A'^>)|^>,H)^i)]e = [e > 



bxOxyo*(ch(F,®0(A',^^,H)( ,^))]e = Ve I 



>\A 



(3.15) 



f b^o,y„,(ch(F,/G,. ® 0(A'i),^).H ® 0^>,i))]e = (eTe - DA^ 



|A4 



bxoxyo*(ch(Fi/G',-0C»(A 
bxoxyo*(ch(Fi/G',®C>(A 



'|A; 



^A>^)^e)]e = (eVe-V)A|i 



'|A, 



bxOxyo*(ch(F,/G',- (8) C»(A'^>)|^>,h (g) C»^>j)2^'')]6 = / 



bxoxyo*(ch(F,/G,- ® 0(A'i)|^),H ® O^y )(^i • ^^))]e = /, 



(3.16) 



and 



f bxoxyo*(ch(F,®0(A'e' 



^|A 



bxOxyo*(ch(F,®C»(A 



bxoxyo*(ch(Fi®C)(A'^>)|^).H 

bxoxyo*(ch(Fi C>(A'^^)|^).H Cg). 

bxOxyo*(ch(F, (8) e'(A'^>)|^).H (g) O^), 
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)P- 



(3.17) 



where D E H\Ci, Z) H^(C>f, Z). Hence we get that 



^((2c/2 - d)xx + (2r2 - r)x3)Ai'-'' + ^(^2X1 + r2X3)E. 



i<j 



i<j 



We note that 



J2 K'' = J2p^ a*iD^(Alb(X° X Hilb^), Z) 

i=l i=l 

n 

J2 ^'i = - 1) J2p^ a*^^(Alb(X° X HilbJ), Z) 



(3.18) 



i<j 



i=l 



Therefore we get that 



(3.19) 



i=l 



i=l 



i<j 



i=l 



where 



'yi = -{dxi +rx3) 

7/2 = -{{d2X2 + r2X4) - 2{n - l)((2d2 - d)xi + (2r2 - r)s3)} 
ys = {diXi + rixs) 
^?/4 = dx2 + rxi - n{d2Xi + r2X3). 



(3.20) 



Since dri — rdi = d2r — dr2 = 1, the homomorphism ip : Z®^ Z®'^ sending (xi, X2, X3, X4) to 
(z/i) 1/2, Z/4) is an isomorphism. The condition (|3.14|) imphes that 1/4 = 0. Therefore, 



K^: H{r,ci,A) H\X^ x Yo,Z)^" /a*9j^{A\h{X° x Hilb^),Z) 
is an isomorphism. Since H^{X^ x Fq, Z)®" = H^(X^ x Hilb^, Z), we get that 
H{r,ci,A) H\X^ X Hilb^^, Z)/a*fi^(Alb(X° x Hilb^),Z) 

is an isomorphism. 

We next treat the case ri > r2. Since Gj Fi is surjective, we get that 

n n n 

K^ia) = - ^((i2Xi + r2a;3)A2'* - ^(^2^2 + r2Xi)p\ - ^(ciia;i + rix^)^^ 

i=l i=l i=l 

n 

-5Z^' + I](^2a;i + r2a;3)S. 

i=l i<j 

In the same way as in the case ri < r2, we see that 

H{r,ci,A) H\X^ X Hilb^^, Z)/a*fi^(Alb(X° x Hilb;^),Z) 



(3.21) 



(3.22) 



(3.23) 



is an isomorphism. 

Therefore K2 is injective and H'^{MH{r, ci, A)) is generated by im(K2) and im(a). By using similar 
computations, we see that ki is an isomorphism. Hence Theorem ^]l] (1), (2) hold for this case. 
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3.3. We next treat general cases. Replacing ci by ci + rci{H), we may assume that ci belongs to 
the ample cone. 



Proposition 3.3. Let {X, L) he a pair consisting of ahelian surface X and an ample divisor L of 
type {61,62), where di and 62 are positive integers of di\d2 and {r,di) = 1. Then Theorem i| (1), 
(2) hold for MH{r,Ci{L), A), where H is a general polarization. 

Proof. Let {X,L) be a pair consisting of abelian surface X and an ample divisor L of type (^1,^2), 
where di and ^2 are positive integers of di\d2 and {r,di) = 1. We shall choose an ample line bundle 
H on X which is not lie on walls. Let T be a connected smooth curve and {X,C) a pair of a smooth 
family of abelian surface pt '■ X ^ T and a relatively ample line bundle C of type (^1,(^2). For 
points to, ^1 £ T, we assume that (A'u,, Cu,) = {X, i^) and is an abehan surface of NS(A:'u^) = Z. 
Let g : Picx/q — > T be the relative Picard scheme. We denote the connected component of Picx/r 
containing the section of g which corresponds to the family £ by PiS-^i^. Since Pic^^i^ = Pic^-^^^, 
Pic^-^l^ — T is a smooth morphism. Let h : M.x/r{'<^^ ^,^) ^ T be the moduli scheme parametrizing 
S'-equivalence classes of £u-semi-stable sheaves E on Xu with (ik^E) , ci{E) , A{E)) = (r, ci(£u), A) 
[Mai]. Let D be the closed subset of J^x/T{r, ^, A) consisting of properly £u-semi-stable sheaves on 
Xu- Since /i is a proper morphism, h{D) is a closed subset of T. Since h{D) does not contain ti and T 
is an irreducible curve, h{D) is a finite point set. Replacing T by the open subscheme T\(/i(Z))\{to}), 
we may assume that £u-semi-stable sheaves are £u-stable for t ^ to- Let s : S |;i:'/r(V, A) — * T 

V 

be the moduli of simple sheaves E on Xu,\-i G T with {Tk{E) , ci{E) , A{E)) = (r, ci(£u). A) [A-K, 
Thm. 7.4]. Let Ui be the closed subset of s~^(T\{to}) consisting of simple sheaves on Xu, t G T\{to} 
which are not stable with respect to Cu and Ui the closure of Ui in S |;f/r(V, ^, A). Let U2 be 

V 

the closed subset of s^^(to) consisting of simple sheaves which are not semi-stable with respect to 
H. Then we can show that Ui fl s~^(to) is a subset of U2 (see the second paragraph of the proof 
of Lemma p.4| ). We set := 5 Xx/t(V,C,,A) \ (Woo U Wg). Then M. is an open subspace of 

V 

S ,|A'/r(V, ^, A) which is of finite type and contains all if-stable sheaves on Xu,. By using valuative 

V 

criterion of separatedness and properness, we get that s : — ^> T is a proper morphism. In fact, 
since M. Xq- (X \ {U,}) ^ T \ {U,} is proper, it is sufficient to check these properties near the fibre 
Xur The separatedness follows from base change theorem and stability with respect to H (cf. [A-K, 
Lem. 7.8]), and the properness follows from the following lemma (Lemma p.4| ) and the projectivity 
of Aiur Since Pic^^^j- — > T is a smooth morphism, [Mu2, Thm. 1.17] implies that s : — > T is 
a smooth morphism. Let : Ai ^ AVom/t be the family of Albanese map over T. Let J-'r be a 
quasi- universal family of similitude p on Ai Xq- X and we shall consider the homomorphism 

: /7«^^(A'u,Z) ^ e^(Alu,Z) 
K2,t:H{r,c,{Cu),A)^nHMu,Z) ' 

such that Ki,t{ai,t) = ^[pMu*{{ch^u)<yu)]), where ai^t G H°'^'^{Xu,Z), «2,t G H{r,Ci{Cu), A). We 



assume that Xu, is a product of elliptic curves. Since pt and s are smooth. Theorem ^]T] (1),(2) for 
the pair {Xu,,Cu,) imply that Theorem ^]l] (1),(2) also hold for all pairs {Xij,Cu), t & T. By the 
connectedness of the moduli of (di, c?2)-polarized abelian surfaces (cf. [L-B, 8]), ( |3.7| ) holds for all 
pairs {X,L) of (di, (i2)-polarized abelian surfaces. □ 

The following is due to Langton [L]. 

Lemma 3.4. Let R be a discrete valuation ring, K the quotient field of R, and k the residue field 
of R. Let Spec(-R) ^ T be a dominant morphism such that Spec(/c) T defines the point to. For 
a stable sheaf Ek on Xk, there is a R-flat coherent sheaf E on Xr such that E ®r K = Ek and 
E k is a H-stable sheaf. 
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Proof. Let be an i?-flat coherent sheaf on Xr such that ®r K = Ek and E^ := E^ ®r k 
is torsion free. If E^ is if-stable, then we put E = E^. We assuime that E^ is not if -stable. Let 
-F°(c E^) be the first filter of the Harder- Narasimhan filtration of E^ with respect to H. We set 
E^ := ker(E° El/F^). Then is an i?-fiat coherent sheaf on Xr with E]^ = Ek- If is not 
if-stable, then we shall consider the first filter F^ of the Harder- Narasimhan filtration of E^ and set 
E'^ := ker(f^^ — > E\/Fl). Continuing this procedure successively, we obtain a decreasing sequence 
of i?-fiat coherent sheaves on Xr. E^ D E^ D E"^ D ■ ■ ■ . We assume that this sequence is infinite. 
Then in the same way as in [L, Lem. 2], we see that there is an integer i such that (8)r R has a 
subsheaf F of rank r' with F ^r k = F^, where R is the completion of R. 

We set K := K®rR and D := det(E*®B^)®'''®det(F)®(-^). Let P{x) be the Hilbert polynomial of 
D with respect to Let be a locally free sheaf on X such that there is a surjective homomorphism 

V ®Or R ^ D, and we shall consider the quot scheme Q := Quot^^^^^. Then D defines a morphism 
r : Spec(i?) —>■ Q such that D = (r Xj- lx)*T>, where "D is the universal quotient. Let Q, be the 
connected component of Q which contains the image of Spec(-R). Since Spec(-R) — T is dominant, 
q : Q/ — » T is dominant, and hence surjective. Since i?^ = Ek ®k -ft' is a stable sheaf on X^, 
(Puoo)'^u^) = ^k^^k) ^ "where qi is a point of q~^(ti). Since NS(A'u^) = Z, we get that 
ci(^^u^) = IJoo(>Cu^), I > 0. Hence we obtain that (^^^(u,)) > f and (^^r(u,), -C^cu,)) > % the 
Riemann-Roch theorem and the Serre duality, we see that 2^t(u,) is an effective divisor. Therefore 
{T^t(u,)i'^) > 'i which is a contradiction. Hence there is an integer n such that E"'^Rk is if-stable. □ 

Proof of Theorem |3.1| (3). Let Kg : H{r,ci, A) ® <C —>■ El'^(M(\,jj<^, A), C) be the homomorphism 
induced by k,2. We note that if^'°(X) and if°'^(X) are subsets of H{r, ci. A) ® C. Since chj(jF) is of 
type we see that 

■4(iJ2,0(x))cif2'0(MH(r,ci,A)) 

4(©p=o^^'n^)) C /fi'i(MH(r,ci, A)) (3.25) 
4(i/°'2(x))cifO'2(MH(r,ci,A)). 

Since H{r,cuA) O C = H^'^(X) © (©^^^H'''(X)) n H(\,r, A) © C © e^'^(X) and a* preserves the 
type, we obtain that 

H''\MH{r, ci. A)) = k'^{{(bI=oH^'^{X)) n H{r, ci. A) © C) © a*{9)''\A\h{ms,{x, c„ A)). 

Hence we get Theorem ^TT] (3). □ 
Combining [Y4, Thm. 2.1] with the proof of Proposition p.3| , we get the following theorem. 

Theorem 3.5. Let X be an abelian surface defined over C and Ci G NS(X) a primitive element. 
Then 

P{Mh{2, ci,A),z)= P{Mh{1, 0, 2A), z) 
for a general polarization H , where P{ , z) is the Poincare polynomial. 

3.4. We shall next consider the Albanese variety of Mnir, Ci, A). Let V be the Poincare line bundle 
on X X X, where X is the dual of X. For an element Eq G Muir, Ci, A), let '■ Mni^r, Ci, A) ^ X 
be the morphism sending E G Mnir, Ci, A) to detpj^,((E - Eq) © ("P - O^xa-)) ^ Pic'(^) = X, and 
detEo ■■ MH{r,ci,A) X the morphism sending E to detE © det G X (cf. [Y3, Sect. 5]). We 
shall show that ag„ := detg^ x«eo is the Albanese map of M^ir, ci. A). Let B be an effective divisor 
on X. Then we see that 

detp2,{{E - Eo) ®Ob®{V- O^^^)) 
= detpj^,((detE|B - detEoifi) © (P - O;?^;,)) 
=C(detso(E)), 

where : X — > X is the morphism sending L G X to ®i'P^x{§)} ^ Pic'(A') = A", L ■ i? = 
Therefore if ag„ is the Albanese map for M^ir, Ci, A), then a£„(f8) is the Albanese map for M^ir, ci + 
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rci{Ox{B)), A). Hence we may assume that ci belongs to the ample cone. In the notation of 
Proposition p.3| , we assume that there is a section a : T — »• of s. Then we can also construct 
a morphism : — > Pic';Y/r XT'^- In fact, it is sufficient to construct the morphism on small 
neighbourhoods U (in the sense of classical topology) of each points. By using a universal family on 
U Xt X, we get the morphism. Since s : Ai ^ T and Fic^^^- x^X T are smooth over T, it is 
sufficient to prove that 



a*^ : i3^(X X X, Z) 



S,F,A),Z) 



(3.26) 



is an isomorphism, if X is a product of elliptic curves. In order to prove this assertion, we shall show 
that 

ttg^ : Pic°(X X X) ^ Pic°(On(r, c^. A)) (3.27) 
is an isomorphism. Let £^ be a universal family on M(r, Ci,A). For simplicity, we set M : = 



M(r, ci. A). Let X x X Pic (X x X) be the isomorphism sending (x,x) G X x X to P, 



^\x.m- We set n 



det 



'XxM\ 



{{S — S,® Om) ®{V~ ^xxx))- construction of aEo, we get 



that TZ = {oo^ X a£,)*V ® C, where L is the pull-back of a fine bundle on M. Since TZ\{,}xm — 
we get that L = O^^j^. Hence we see that 

«k(^|{§}x;t) = detpM!((^ -S,® Om) ® (P|{§}x^ - O^)) 
= detpM!(^® (P|l§|x;t-(^^))- 

In the same way, we see that 

det£o(P|^x{§}) = (det^ ® det^/ ® det £|^x|,})|a4x{§} 
= detpM!(^® (||§ - II/)), 

where G X is the zero of the group low. In order to prove ( |3.27| ), we shall consider the pull-backs 
of «lo(^|{§}x;t) and det^^(P|^,^g^) to X^ x Y,. 

We denote the zero of Ci and C2 by Oi and O2 respectively. For a point of C^, k = 1,2, we set 
h '■= Qk — Ofc. We also denote the pull-back of to X = Ci x C2 by Ik- In the same way as in , 
we denote cf7|(G), i = 0,1, ... ,n,a hy G\ G e K{X). We also denote Ox{V)^ by Ox'xy,{T)^)- By 
simple calculations, we see that 



(3.28) 



(3.29) 



CA"xy,(rt'cx 



)=oo 



\ 



)=oo 



(3.30) 



\ 

)=oo 



, detpxOxyo!(^ ® (ll(/oo,Us) - ||(/oc,/e)) ; = ^x'xy, 

Since - dr2 = 1 and Pic°(XO x Hilb^) = Pic°(XO x Yq)^" , (^^), ( 1^ ) and ( pUj ) implies that 
dX^) holds. 
We set 

K{r, ci. A) := {a G ir(X)|x(a ® ^0) = 0, e MH(r, Ci, A)}. (3.31) 

Let {Ui} be an open covering of Mnir, ci. A) such that there are universal family JF^ on each Ui x X 
and ^)|(W)nW|)xA' = ^||(W)nW|)xA'- Since the action of O^^ to detp;7.!(J^) ® a) is trivial, we get a line 
bundle R{a) on MH[r, Ci, A). Thus we obtain a homomorphism 

h : /s:(r, ci. A) Pic(MH(r, ci. A)). (3.32) 
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We note that there is a commutative diagram: 



K{r,cuA) Pic(MH(r,ci,A)) 



ch 



ci 



(3.33) 



iJ(r,ci,A) H\MH{r,c^,A),Z) 

Let be the subgroup of K{r, ci, A) generated by kp — ko,P&X and the kernel of the Albanese 
map X. Since ker(ch) is generated by Ox{V) - Ox, OxiP) G Pic'(A') and kp - ko, P e X, 

(|3.28|) and ( p.29|) imphes that k induces an isomorphism ker(ch)/A^ — > Pic°(M//(r, ci, A)). By using 
Theorem |3.1| (3), we get the following theorem, which is similar to [Y2, Thm. 0.1]. 



Theorem 3.6. Under the same assumption as in Theorem \3. 1\ , the following holds. 

(1) a(£„ : Tlfj{t, Ci, A) ^ X X X is an Albanese map. 

(2) K : K{r,ci,A)/N Pic(MH(r, Ci, A)) is injective. 

(3) Pic(M/^(r,ci, A))/a*£^(«Pic(X x X)) zs generated by k{K{r,ci, A)). 

(4) o*2^(Pic(X X X)) n K(i^(r,Ci, A)) ^ X x X. 

4. APPENDIX 

In this appendix, we shall show the following. 

Proposition 4.1. Let L be an ample line bundle on X. We assume that x{L) = {ci{L)'^)/2 and 
r are relatively prime. Then M//(r, ci(L), A) = M//(r, L, A) x X, where M^ir, L, A) is the moduli 
space of determinant L. In particular, P{Mh{'2, L, A), z) = P(Hilb^,2;) for a general polarization 
H. 

Proof. For a stable sheaf E G Mjy(r, ci(L), A), X{E) denotes the point of X which correspond to 
the line bundle det(i?) ® . Let (pi : X ^ X he the morphism sending a; G X to T*L ® 
and if : X X the morphism such that (pi o if = n^, where T^ : X ^ X is the translation 
defined by x and = xi^Y = deg^/,. Since (r, n^) = 1, there are integers k and k' such that 
rk + ri^k' = 1. We denote the Poincare line bundle on X x X by P. Let A : M//(r, ci(L), A) — > 
Mj^(r,L,A) X X be the morphism sending F G M^lr, ci(L), A) to iTlj,,^,^^p)iF ^ V-nxi^^)), XiJ^)) 
and B : M//(r, L,A) x X — M//(r, ci(L), A) the morphism sending {E,x) G M//(r, L,A) x X to 
® ^ll§- element (E, x) of MH(r, L, A) x X, det(T*^(^)E ® = ^p^g)/: ® Pv||§ = 

® '^||'0£oi^(§) ® '^vi|§ — ® '^(\^ir+v||)§ = ® 'P§. Hence A o B{{E,x)) = x. Then it is easy to see 
that Ao B and B o A are identity morphisms. Hence A : Mnir, ci(L), A) M/^ (r, L, A) x X is an 
isomorphism. □ 

Let ©(X) and D(X) be the derived categories of X and X respectively. Let S : D(X) D(X) 
be the Fourier-Mukai transform [Mu4]. Then the morphism a := defined in 3.4 satisfies that 
a{E) = detiS(£^) ® {detS{S,))^°° . Thus is also defined by Fourier-Mukai transform. By using 
[M4], we shall treat the case 2rA = 2 (at least, Mukai treated the case where X is a principally 
polarized Abelian surface). 

Proposition 4.2. Let L be an ample divisor. If 2rA = 2, then for a general polarization H , a : 
Mh{t, L, A) ^ X is an isomorphism. 

Proof. Since rc2 — (r — l)(L^)/2 = 1 and x{L) = (-^^)/2, r and x{L) are relatively prime. We 
shall choose an element E of Mnir, L, A) and let : X x X ^ M(r, ci(L), A) be the morphism 
sending (x,?/) G X x X to T*E ® P^. Then A o ^{x,y) = 0l(x) + ry. Let / : X ^ X x X 
be the morphism such that f{x) = {rx, —(j)L{x)). Since #ker0i = xi^Y and r are relatively 
prime, / is injective. Let g : X ^ X x X he the morphism such that g{y) = {k'if{y), ky). Then 

/x(yf:XxX^XxXisan isomorphism. In fact, if (rx + k'(p{y), —(f)L{x) + ky) = (0,0), 
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then 0L(rx + k'ip{y)) = r(j)L{x) + n^k'y = 0. Hence y = {ri^k' + rk)y = 0. Since / is injective, 
a; = 0, which imphes that f x g is injective. Therefore / x (7 is an isomorphism. Then we get a 
morphism ^ o f : X ^ M{r, L, A). Replacing E hj E may assume that there is an 

exact sequence — > Q®^'^~°°^ g ^ Jz ® JC ^ f, where Iz is the ideal sheaf of a codimension 2 
subscheme Z of X. By our assumption on Chern classes. 1/r = A{E) = degZ — (r — l)/rx{L). For 
simplicity, we denote det>S(?) by Then we see that S{T*E ® V-^) = S(It_^(^z) ® T^*C O V^) = 

S{Tz-{degZ)^ ® >C ® P0£(§)+t) = ® ^<^z;(§)+t) ® ^-^+(deg^)§ = dct r*^f^^^^^{S {€)) ® P-2+(dcg^)§ = 

(g)P^,(^j(0^(§)+t)+(dcg2)§^2- Hence ao^of{x) = ao^o/(0) + (r - o + r(deg Z)a;. 

By the proof of [Mu4, Prop. 1.23], (I)s{l){4'l{x)) = —x{L)x. Since rdegZ = 1 + (r — l)x(L), we get 
that a o ^ o f(x) — a o ^ o /(O) + x. Thus o; o ^ o f(x) is an isomorphism. Therefore we get that 
a : Mffir, L, A) — > X is an isomorphism. □ 
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